Abstract. We study collections of planar curves that yield diagrams for all knots. In particular, we show that a very special class called potholder curves carries all knots. We also introduce and apply a method to compare the efficiency of various classes of curves that represent all knots.
Introduction
If a knot K has a diagram that projects to a closed immersed planar curve C then we say that K is carried by C. In other words, some choice of the over-and under-crossing arcs at every crossing point of C yields a diagram of K. We are mainly concerned with infinite families of immersed planar curves U = {C 1 , C 2 , . . . } that eventually carry all knots. We say that U is universal if every knot is carried by all but finitely many curves in U.
The study of universal sequences of curves echoes a central theme in knot theory, of looking for simple or special ways to represent all knots. These include closed braids, grid diagrams, petal diagrams, bridge presentations, and many others.
A variety of random models of knots have been proposed and studied recently [EZ17, see references therein]. One approach is to take a planar curve and choose every crossing independently at random. This produces a distribution over the resulting knot types. A universal sequence of curves can be used to construct distributions that eventually yield all knots. 
Examples for Universal Diagrams
(1) The potholder curve P n has 2n + 1 horizontal and 2n + 1 vertical line segments that are connected to form a closed immersed curve with (2n + 1) 2 crossing points. The source for this name is that these curves resemble potholders used to handle hot pots, or to be placed under them. Figure 1 shows them for n = 1, 2, and 3.
A main result in this work is that this family of curves is universal. Namely, every knot is carried by every large enough potholder. Theorem 1.1. All knots have a potholder diagram.
Before giving further examples of universal curves, we mention an application to braids. It was shown by Alexander [Ale23] that every knot can be realized by a closed braid. The universality of potholder knot diagrams implies a stronger version of this result, stating that all knots can be realized by a special class of braids.
Following Artin [Art47] , we say that a braid on k strands is 1-pure, if k−1 strands of the braid are straight vertical arcs and the kth strand winds between them. See Figure 2 . Such braids form a normal subgroup of the pure braid group P k . The 1-pure subgroup is isomorphic to a free group on k − 1 generators, and the quotient isomorphic to P k−1 . This decomposition plays an important role in computational problems on braids.
In Section 5, we prove the following strong version of Alexander's Theorem. This uses the standard method of converting a pure braid into a knot. We connect the strands rotated by one, so that they form a single component. Knots carried by potholder curves were studied by Grosberg and Nechaev [GN92, Nec96] , under the name lattice knots. They studied the number of unknots carried by such curves via a connection to the Potts model of statistical mechanics. See also Adams et al. [AKC + 17] who used the term potholder for similar curves, and Obeidin [Obe16, Figure 14 ], following Garoufalidis and Lê [GL11] .
Our results on potholder diagrams validate a suggestion made by W. Thurston in a discussion of universality at MathOverflow [Thu] . The question whether potholders are universal was also raised in [BEET16, Problem 4], as were other questions about universality of planar curves that are addressed in this paper. (2) The star S n with 2n + 1 tips is a polygonal curve with (2n + 1) segments and (n − 1)(2n + 1) crossing points, as illustrated in Figure 3 for n = 2, 3, and 4. Star diagrams are special types of closed braids with n strands, and they coincide with (n, 2n + 1) torus knot projections [HHSY12, CE15] . [EHLN16] .
(3) The trajectory of a billiard ball moving in the unit square with a slope ±p q ∈ Q forms the polygonal p ∶ q billiard curve. The billiard curves of slope 5 ∶ 2, 7 ∶ 3, and 9 ∶ 4 are depicted in Figure 4 . The billiard curve is plane-isotopic to the well-studied Lissajous curve or harmonic curve in two dimensions [Lis57, Com97] . Knots carried by these curves or similar ones were studied by several researchers under the names billiard knots, harmonic knots, Lissajous knots, Fourier knots, Chebyshev knots, and checkerboard knot diagrams [Kau98, JP98, Tra95, Buc94, BHJS94, Lam97, BDHZ09, KP11, CK15, SV16, Riv16] .
Every knot is carried by a billiard curve, for some p q ∈ Q [KP11, Lam12] . In Figure 5 below, we show how every (2n + 1)-star knot is carried by a (2n + 1) ∶ n billiard curve as in Figure 4 . Therefore, this sequence B n of billiard curves is also universal.
(4) Let D 1 , D 2 , . . . be the underlying curves of minimum-crossing diagrams of all knot types, ordered in some way that is non-decreasing on crossing numbers. This sequence is far from being universal, since many knots are not carried by all but a finite subset of the curves. For example, consider the infinitely many diagrams that only carry two-bridge knots.
However, the sequence of connected sums of the first n knot projections, C n = D 1 #D 2 # ⋯ #D n is universal. Indeed, any knot is obtained from some D i with some choice of crossings, and the other crossings can always be chosen to make the remaining summands unknotted. We ignore the ambiguity in the definition of the connected sum of planar curves, as any choice for it would work.
These four examples illustrate several aspects of the notion of universality, and raise further questions. Universality is a qualitative property and quantitative aspects of it are of interest. Thus even though the last example is universal, it seems quite inefficient in carrying all knots. We will shortly return to this issue.
Clearly a finite union of universal sets of curves is universal. However, each of the examples above seems as one increasing object, that perhaps even converges. Precise statements on such properties will be given below.
It is a major challenge to find simple properties that characterize universal curves. In Sections 6-7 we suggest some necessary and sufficient conditions, and examine further examples. We discuss open questions of this type and directions for future research.
We assume throughout that the curves and knot diagrams we work with are regular and have transverse intersections in a finite number of double points.
Efficiency of Universal Diagrams
Let f ∶ N → R. A set of curves U is f -efficient if the curves with up to x crossings carry all knots with up to f (x) crossings. In other words, for every x ∈ N, every knot K with up to f (x) crossings is carried by some curve C ∈ U with at most x crossings. We say that f is the efficiency of U, if for every x ∈ N the value of f (x) ∈ N is the largest for which the above condition holds. Note that this definition makes sense not only for a universal set, but for any set of curves that carry all knots.
Let us demonstrate this notion of efficiency with the above examples of universal sets of curves.
(1) It is shown in [EHLN17] that any n-crossing knot K can be isotoped to a (2n + 1)-petal diagram. It follows that K is carried by a (2n + 1)-star, with ≤ 2n 2 crossing points. Thus the star curves S n are x 2-efficient.
This efficiency is tight up to a multiplicative constant. This means that there exist n-crossing knots that are only carried by stars with Ω(n 2 ) crossings. One can show this, for example, using the additivity of the bridge index under the connected sum. In conclusion, Proposition. The efficiency of the star curves S n is Θ( √ x).
(2) It is possible to turn a (2n + 1)-star diagram into a billiard diagram by folding across a bisecting axis as shown in Figure 5 . This yields a (2n + 1) ∶ n billiard curve with 4n 2 − n − 1 crossings. It is easy to see that a folded curve carries all knots that are carried by the original one. Therefore, these curves are x 4-efficient. Tightness up to a constant follows similar to star curves.
Proposition. The efficiency of the (2n + 1) ∶ n billiard curves B n is Θ( √ x).
This argument improves in general the efficiency that follows from previous proofs that billiard curves represent all knots. For example, Lamm's argument in [Lam12] yields a p ∶ q billiard diagram with O(p 2 r) crossings where r is the length of a p-strand braid representation of the knot.
Note also that the above construction has the feature that the ratio p ∶ q is bounded away from 0 and ∞, and converges to 2. We remark that there is nothing Figure 5 . Folding the 7-star to a 7 ∶ 3 billiard curve, shown in the upper half plane. The 6 points on the bisecting axis correspond to the 3 left and 3 right extremes of the billiard trajectory. very special about the sequence (2n + 1) ∶ n. In fact, there are similar reductions from p ∶ q to (p + q) ∶ q, or to p ∶ (mq) if m is relatively prime to 2p. One can use such arguments to show that the (3n + 1) ∶ 3n, and therefore (n + 1) ∶ n billiard curves are universal as well.
(3) The efficiency of the cumulative connected sum C n defined above is much lower than that of stars and billiard curves. It is known that the number of knots with up to n crossings is exponential in n. Thus this collection of curves is Ω(log x)-efficient.
This cannot be improved by more than a constant factor, as the first prime knot with n crossings is not carried until all summands with less than n crossings have occurred.
Proposition. The efficiency of the cumulative connected sums C n is Θ(log x).
(4) Despite their superficial similarity with stars and billiard curves, the efficiency of potholders is presently unknown.
Question. How efficient are potholder diagrams?
Out of the 84 knots with up to nine crossings, 82 are already carried by the 5-by-5 potholder curve [EZ] . However, the reductions in our proofs can only show that potholders are Ω(log x)-efficient. See Corollary 2.2.
More generally, it is natural to ask how efficient any universal sequence can be, whether it is O( √ x), or x−Ω(1), or anything in between. In Section 7 we formulate this question precisely, and discuss some alternative approaches to universality and efficiency.
Convergence of Universal Diagrams
The set of planar curves is pre-ordered by the following relation. We write C ≤ C ′ if every knot that is carried by C is also carried by C ′ . We say that a sequence of planar curves is increasing if it is linearly ordered by this relation. This relation is dual in a sense to one studied by Kouki Taniyama, who defined a partial order on knots based on the curves that carry them [Tan89] .
One can consider another relation between curves, the partial order by inclusion. A curve C is a subcurve of C ′ , denoted C ⊆ C ′ , if C is planar isotopic to a curve that is obtained from C ′ by one or more iterations of the following move. Cut C ′ at two points adjacent to the same face, take one of the resulting two parts, and close it with a shortcut through that face. A special case is when the two cutting points and the shortcut coincide at a crossing. For example S n ⊆ S n+1 as demonstrated by Figure 6 .
Observe that if C ⊆ C ′ then C ≤ C ′ . Indeed, if a knot is carried by C, then it is also carried by C ′ , with the same choice of crossings in the part that corresponds to the specified subcurve C. The remaining part of C ′ can be made redundant if it is chosen to be decreasing and always passing under C.
These relations let us refine our notion of a universal sequence. Recall the four examples mentioned in the introduction: potholder, stars, billiard curves, and cumulative connected sums. For each one of these sequences, one can verify that every curve is a subcurve of the subsequent one. The following proposition follows.
Proposition. The universal sequences P n , S n , B n and C n are increasing.
In some sense, this means that such a set of planar curves can be viewed as a single "limit" object. A more precise and slightly stronger formulation of this property is as follows. We say that a sequence of curves converges if there exists an infinite curve C ∶ R → R 2 such that the nth curve is the restriction of C to [−n, n]. Note that the crossing points of this curve C might not be a discrete set in the plane. The following proposition is easily verified, similarly to the previous one.
Proposition. The universal sequences P n , S n , B n and C n converge.
See [CKP16] for another notion of convergence for knot diagrams.
Universality of Potholders and Meanders
The simple arc index of an immersed curve is the minimal k such that the curve can be split into k simple arcs. An immersed curve with simple arc index two is called a meander. A knot diagram with simple arc index two is called a meander diagram. Figure 7 shows such simple arcs in two different diagrams of the figure-eight knot.
The term "meander" is used elsewhere in mathematics to describe the intersection pattern of two self-avoiding planar curves, as these resemble a road crossing a meandering river [DF00, LC03] . The use of this term in the context of knot and link diagrams originates in the work of Kappraff, Radovic and Jablan [RJ15, KRJ16] .
It is natural to ask which knots can be represented by a meander diagram. The following result in this direction was established by von Hotz [VH60] and by Ozawa [Oza07] . See also the more recent works, [AST11] , [Owa18] and [BM18] . Theorem 1.3. All knots have a meander diagram. Theorem 1.3 follows from a simple construction that starts with an arbitrary knot diagram and produces a meander diagram of the same knot. We provide a detailed proof in Section 2 so that we can analyze and extend it.
The second diagram in Figure 7 demonstrates that potholder diagrams are a special class of meander diagrams. Indeed, one arc includes the horizontal segments and the other arc includes the vertical ones. The two change points are at the lower left and upper right corners. In Section 3 we strengthen Theorem 1.3 and establish the universality of potholders. In Section 5 We discuss several consequences and applications. In particular, we prove Theorem 1.2, on the universality of 1-pure braids. Theorems 1.1 and 1.5 also answer a question by Adams, Shinjo and Tanaka [AST11] , about the universality of diagrams with restricted edge numbers for the faces. Corollary 1.6. All links have a diagram with exactly two odd-sided faces.
Meanders
We show that every knot can be represented by a meander diagram. We start by describing a procedure to turn a curve into a meander.
An X-move at two successive crossings c, c ′ is a regular homotopy of the curve supported in a neighborhood of the arc connecting c, c
′ that creates a pair of new crossings as in Figure 9 . Note that this move always increases the number of crossings, and that we do not consider its inverse. Proof. Let C be an arbitrary curve with n crossings. We start by choosing a base point and direction, and color the base point red and the rest of the curve black. As long as the next crossing in the black arc has type black-black, we extend the red arc, crossing the transverse black arc, so that the crossing point turns red-black. Otherwise, we will modify the curve by X-moves.
Suppose that the type of the next crossing in the black arc is black-red. As we traverse the current black arc we encounter crossings c 1 , c 2 , . . . , c m . If there are no black-black crossings we are done, because the curve is already a meander with the current black and red arcs.
Otherwise, let c k be the first black-black crossing. Since c 1 , . . . , c k−1 are all red-black, the black segment from c 1 to c k does not self-intersect and hence is embedded. See the left hand side of Figure 10 for an example where k = 4. In a neighborhood of this segment we perform a (k − 1)-long sequence of X-moves at Note that the new curve has 2(k − 1) more crossing points. However, it has one fewer black-black crossing, and no red-red crossing point has been created. Therefore, by induction on the number of black-black crossings, the process terminates after at most n such modifications with a curve that has only red-black crossings, i.e., a meander. Now we use this lemma about meander curves to deduce that meander knot diagrams can be used to represent all knots.
Theorem (1.3). All knots have meander diagrams.
Proof. Let K be a knot with an arbitrary diagram. By Lemma 2.1 there is a sequence of X-moves that transform the curve in the diagram of K into a meander. We show that each X-move on a projection of K can be lifted to an isotopy in R 3 that preserves the knot type of K. Figure 11 . A lifted X-move Two successive crossings c, c ′ give rise to four possible combinations of overcrossings or under-crossings. In each case an X-move lifts to an isotopy. One of the cases is shown in Figure 11 .
→
We briefly discuss the implications of this argument for the efficiency of meanders. Given an n-crossing knot diagram, how many crossings are needed for an equivalent meander diagram? The above reduction yields an upper bound as follows.
The number of crossings in the meander is determined by the process described in Lemma 2.1. Starting with n black-black crossings, we turn the curve into a meander in n steps. In every step, first the number of red-black crossings is at most tripled, and then one black-black crossing turns red-black. At the end all crossings are red-black. Solving the recurrence, the resulting meander has (3 n − 1) 2 crossing points in the worst case. The following corollary summarizes this computation.
Corollary 2.2. Meanders are at least (log 3 x)-efficient. ◻ It is not clear if all knots can be represented by much smaller meanders than those provided by this procedure. A super-logarithmic efficiency for meanders would be interesting.
However, it can be improved by a multiplicative constant to at least log 2 x as shown by Nicholas Owad in a recent preprint [Owa18] . He does so using the fact that the shortest distance of a self-crossing of the black arc to its ends is at most half its length. Thus the number of red-black crossings at most doubles, rather than triples.
It is still easy to draw a knot diagram that leads to an exponential number of crossings by these algorithms. This is the case for a certain 3n-crossing diagram of the connected sum of n trefoils, while another 3n-crossing diagram of the same knot is already a meander.
We finish our discussion of meander knots by a slight strengthening of this notion. We call the two points in a meander curve where it changes from one color to the other change points, and show that we can find a diagram for any knot in which these two points lie on the boundary of a single face. We call such a curve a standard meander curve and the corresponding diagram a standard meander diagram.
After a planar isotopy, standard meander diagrams can be drawn as the union of an arc formed by the unit interval I on the y-axis in the xy-plane and a simple arc connecting (0, 0) to (0, 1) that intersects the y-axis at a finite set of points on I. See the left diagram on Figure 13 .
We strengthen Theorem 1.3 so that any knot is realized by this special type of meander diagram. See [AST11, Theorem 2.1] for an earlier proof of this stronger version.
Proposition 2.3. All knots have standard meander diagrams.
Proof. We begin with an arbitrary meander diagram D for a knot K. This consists of a pair of simple arcs A and B, running between the two change points s and t.
Let a be a point on A close to s, b a point on B close to s, and t ′ a point in a face adjacent to t. • 
Potholder Knots
Recall, from the introduction to this paper, the definition of a potholder curve as in Figure 1 , and a potholder knot diagram, as in Figure 7 . We now show that potholders are universal for knots.
Theorem (1.1). Any knot K can be realized by a potholder knot diagram.
Proof. The proof has two steps. We first take a standard meander diagram D for the knot K, using Proposition 2.3. We next show how to construct a potholder diagram that is equivalent to D.
After an isotopy of D on the 2-sphere, we can assume that the two change points are both adjacent to the unbounded region of the complement of D in the plane. We also isotope D so that its two simple arcs A and B are positioned as follows. Arc A is the vertical segment from s = (0, 0) to t = (0, n+1) on the y-axis. Arc B is a simple arc that also runs from s to t, crosses A at the points {(0, 1), (0, 2), . . . (0, n)} and is otherwise disjoint from the y-axis. See Figure 13 . We can assume that the number of crossings n in D is odd, by adding an extra loop using a Reidemeister type I move at t. We also require that the intersection of B with a small neighborhood of s lies in the right half-plane. The latter condition can always be achieved by interchanging the two colors, if needed.
Starting at s and traversing B, we cross A at the y-axis at n points, in the order (0, σ(1)), (0, σ(2)), . . . , (0, σ(n)) where σ is a permutation of {1, . . . , n}. With our convention, σ ∈ S n uniquely determines the meander, although not all permutations give rise to a meander. We next describe a corresponding potholder diagram and later show that it defines a knot isotopic to D. We take 2n − 1 horizontal segments on the lines y = {1, 2, . . . , 2n − 1} between x = 0 and x = n + 1, and n vertical segments on the lines x = {1, 2, . . . , n} between y = 0 and y = 2n. We connect these as in Figure 13 to form an n × (2n − 1) rectangular potholder diagram P with change points at s = (0, 0) and t = (n + 1, 2n). One arc H connects the change points and includes the horizontal segments, while V also connects them and includes the vertical segments. We orient H and V so that they run from s to t.
We now describe the choice of crossings for P . At each of the n crossing points c i = (i, 2σ(i) Figure 13 .
In order to show that this potholder diagram realizes the correct knot, we introduce an intermediate knot diagram M , which is a meander knot diagram isotopic to D and which also represents the same knot as P . One of the two meander arcs of M coincides with H, the horizontal arc of P . The second meander arc W runs between the two change points in P as in Figure 14 .
The added arc W starts at s, crosses H at the n points c 1 , . . . , c n in that order, and ends at t. Nearby to each crossing c i we continue the vertical arc of the crossing with two horizontal arcs, one with y-value just above the crossing, stretching left to x = 0, and one with y-value just below the crossing, stretching right to x = n + 1. We add an additional horizontal arc going to the left above t, and one going to the right below s. We then connect the 2n + 2 endpoints of these horizontal arcs with the same curved arcs as in the meander diagram D, after stretching these arcs so that their height increases by a factor of two. This completes the construction of W .
Note that D = A∪B and M = H ∪W are isotopic diagrams. There is an isotopy of the plane that carries H to the vertical arc A and carries W to B. The construction of M was chosen so that the crossings and the order in which they are reached agree in D and M .
To finish the proof, we show that the diagram M = H ∪ W represents the same knot as P = H ∪ V . We first denote by W i the subarc of W between crossings c i and c i+1 , and by V i the subarc of V between the same two crossings. This defines W 0 , . . . , W n and V 0 , . . . , V n where c 0 = s and c n+1 = t.
To construct an isotopy, we assign heights to each segment of M and P . The arc H will be fixed, and at height z = 0 throughout the isotopy. We choose the z-value of W to form a decreasing sequence of positive constant heights for the arcs W 0 , W 2 , W 4 , . . . , W n−1 , and similarly a decreasing sequence of negative constant heights for W 1 , W 3 , W 5 , . . . , W n . Near each crossing c i , these arcs connect with a vertical segment, chosen to be on the side of the crossing that gives the right choice of over-or under-crossing. Each subarc V i is assigned the same constant height as W i . See the heights indicated in Figure 14 .
With this choice of heights, the arc W i is isotopic to the arc V i through an isotopy that keeps the height constant. The traces of these isotopies are at different heights and so are disjoint from one another. No isotopy crosses a vertical arc. Indeed, for i even, the isotopy of the arcs W i and V i is contained in the half-space x ≥ i and lies above all crossings and all vertical arcs in this region. Similarly for i odd, the isotopy of the arcs W i and V i is contained in x ≤ i + 1 and lies below all crossings and all vertical arcs in that half-space.
In conclusion, the knot K is represented by the n×(2n−1) potholder diagram P . A square, (2n − 1) × (2n − 1) potholder diagram can be easily achieved, by adding redundant vertical arcs that over-cross all the horizontal ones.
Potholder Links
In this section we show how the theory developed for knots extends to link diagrams. We show that all links, like knots, are carried by potholders.
Theorem (1.4). All links have meander diagrams.
Proof. The proof follows the same lines as the argument for knots in Lemma 2.1. One starts with a completely black diagram except for small red segments in each component. Then all black-black crossings are eliminated one by one, using sequences of X-moves wherever it is necessary.
The following notion of parallel arcs is required for defining which meander link diagrams are standard. Two immersed arcs A and B are parallel if they are the boundary of an immersed small ε-tubular neighborhood of a single immersed arc C, up to isotopy. For example, the two closed curves on the right hand side of Figure 15 are parallel, and so are the two open arcs of each color.
By taking ε small enough, the two arcs are uniquely determined by C, up to isotopy. We say in this setting that A and B are parallel copies of C. Some simple but useful observations follow. Every intersection point between the original arc C and another arc D, corresponds to exactly two intersection points between the two arcs and D. A simple subarc of C corresponds to a rectangular region, with subarcs of A and B as opposite sides. Every double point in C corresponds to four double points in A ∪ B, at the corners of a square.
A collection of arcs A 1 , . . . , A k is parallel if A 1 is parallel to A 2 , A 2 is parallel to A 3 , and so on. Such arcs are also uniquely determined by a curve C. To be specific, take A 1 and B 1 as two parallel copies of C, then A 2 and B 2 as two parallel copies of B 1 , and so on. An example of three parallel arcs appears in the potholder link diagram on the right hand side of Figure 8 .
We say that a k-component meander link diagram D is standard if it is obtained from a standard meander curve C by taking k parallel copies of C and making an arbitrary choice of overcrossing or undercrossing at each of the resulting crossings. One of the two simple arcs in C is replaced by k parallel arcs in D, which we can color red, and the other by k parallel arcs which we color black. If C has n double Proof. Let D be a meander diagram for a link L with k components. Each component is composed of a black arc B i and a red arc R i for each i ∈ {1, . . . , k}. The two arcs forming each component meet at the change points s i and t i .
We start by showing that the change points can be arranged as in a standard meander diagram. This means that s 1 , . . . , s k are successively adjacent to common faces, since they belong to parallel copies of a meander and correspond to its change point s. Similarly for t 1 , . . . , t k which correspond to its other change point t. Since it should be a standard meander, with s and t adjacent to a common face, we show the same for s k and t 1 .
The following condition summarizes our requirement from the adjacency relations of the change points. There exists an oriented simple arc A in the plane that meets the diagram transversely at the change points s 1 , s 2 , . . . , s k , t 1 , t 2 , . . . , t k in that order, and is otherwise disjoint from D. Moreover, arcs of D to the left of A at s 1 , s 2 , . . . , s k are red, and arcs to the left at t 1 , t 2 , . . . , t k are black. See Figure 16 . , and mark 2k − 1 successive points s 2 , . . . s k , t 1 , . . . t k along that arc. We will change D to obtain a new meander link diagram with these change points, still representing L.
Cut the second component open near the given change point s ′ 2 , creating one endpoint on B 2 and one on R 2 . Since the union of A and all the R i 's does not separate the plane, we can extend R 2 to connect the endpoint of R 2 to s 2 from the left, without crossing a red arc or A. For each new crossing point, where the red arc crosses a black arc, we choose the new red arc to go over the black arc. We then go back to the endpoint on B 2 and notice that the black arcs together with A do not separate the plane, so we can extend B 2 to meet s 2 from the right, without crossing any black arcs. Here whenever a new crossing is created by the black arc meeting a red arc, we choose the black arc to go over the red.
The new diagram describes an equivalent link because it is obtained from the previous one by adding an unknotted loop starting and ending near s ′ 2 and lying completely above D. This step is similar to the procedure described in the proof of Proposition 2.3, and illustrated in Figure 12 .
Similarly, for each i ∈ {3, . . . , k}, the non-separating property of each color together with A, allows us to successively cut the ith component near s ′ i and extend the arcs R i and B i so that they meet at s i with the red arcs to the left of A and the black arcs to the right. As before, we choose the new crossings to be over-crossings, so that we obtain an equivalent link diagram with no crossings between arcs of the same color.
We now deal with the remaining change points t
We again remove a small arc near t ′ 1 . The union of A and the red arcs still does not separate the plane. Thus the resulting endpoint of R 1 near t ′ 1 can be extended to meet t 1 from the right, and without crossing any red arcs or A. Similarly we can connect the black endpoint near t ′ 1 to t 1 from the left. We have now created one loop in the union of A and the red arcs, because A meets R 1 in two points, and similarly in the union of A and the black arcs. So as we proceed to extend the subsequent arcs to t 2 , . . . , t k we need to check that t ′ j and both sides of t j are in the same component of the plane after removing A and arcs of the same color.
Remove a small arc from R 2 and B 2 near t . . , R k as disjoint arcs with one interior endpoint, and therefore these red arcs do not separate it. We can hence extend R 2 , this time from its end near t ′ 2 , to meet t 2 from the right without introducing any crossings of red arcs. A similar argument applies to the arc B 2 which can be extended to connect to t 2 from the left.
We continue in this way, extending R i and B i to meet at t i in the complement of the loops formed respectively by A ∪ R i−1 and by A ∪ B i−1 . This gives a meander diagram with change points as in a standard diagram.
We now arrange for each collection of arcs R 1 , . . . , R k and B 1 , . . . , B k to be parallel as in a standard meander diagram. Put the midpoint of A, a point lying between s k and t 1 , at ∞ and let S 12 and T 12 refer to the arcs of A between s 1 , s 2 and t 1 , t 2 respectively. Now consider the bounded region Ω, bounded by the arcs B 1 ∪ B 2 ∪ S 12 ∪ T 12 which have disjoint interiors. All other black arcs B 3 . . . B k lie outside this region. Note that Ω intersects R 1 , . . . , R k in a potentially complicated pattern. We will isotope B 1 and B 2 in Ω to give an equivalent link in which they will become parallel.
To do so, we proceed as in Figure 17 . We cut B 1 near s 1 . We extend B 1 by going parallel to S 12 until it almost reaches s 2 . It then runs parallel to B 2 until it almost reaches t 2 , turns around and backtracks in parallel to rejoin B 1 near s 1 . It crosses a red arc twice whenever B 2 does, and we make each such crossing an overcrossing. Thus B 1 is extended by pulling a small arc into a "finger" that lies above the rest of the link. Now we cut B 2 near t 2 . The extension of B 2 starts by going parallel to T 12 until just before it reaches t 1 . It then turns around and follows B 1 and its extension until it returns to the second point where B 2 was cut. This extension of B 2 goes around Ω and crosses a red arc once whenever the original B 1 or B 2 did. Again we make each such crossing an over-crossing. The resulting diagram gives an equivalent link, and the extended B 1 and B 2 are now parallel. We then isotope the arc B 3 along with B 1 and B 2 to get an equivalent meander link diagram in which all three are parallel. To do so we repeat the previous construction, but treating the parallel arcs B 1 , B 2 as a single thickened arc.
We repeat for all black arcs until we obtain an equivalent meander link diagram in which the k black arcs are parallel. We then repeat this construction for the red arcs R 1 , . . . , R k . In moving each red arc, we create new intersections with the black arcs but never destroy the property that the black arcs are parallel.
In conclusion, we have constructed an equivalent diagram of the given link L where the k components are parallel copies of a standard meander. This is a standard meander link diagram.
The definition of a potholder diagrams of a link is similar to that of a standard meander. A k-component potholder link diagram is obtained by taking k parallel copies of a potholder curve, and choosing the crossings arbitrarily. See the 3-component 3-by-3 potholder diagram in Figure 8 . We now show that such diagrams are universal for links.
Theorem (1.5). All links can be realized as potholder diagrams.
Proof. Let L be an arbitrary link. By Theorem 4.1 L has a standard meander diagram. This diagram D can be obtained by taking k parallel copies of a standard meander curve C, with n crossings, and making an appropriate choice for the k 2 n resulting over and under crossings. The construction of the change points in the proof of Theorem 4.1 shows that we can take n to be odd.
As in the proof of Theorem 1.1, we transform D into a potholder diagram, treating the k parallel components of D as a single curve everywhere except at the k 2 n crossings that correspond to c 1 , . . . , c n in that proof. The potholder construction and the isotopies carry over to a band of k parallel components, but this band acquires some full twists due to Reidemeister I moves. We next show how to eliminate those twists from the resulting link diagram, so that the k strands remain parallel.
A closer look at the isotopy in the proof of Theorem 1.1 shows that Reidemeister I moves are needed in two cases. Either they remove a negative loop, at some maximum point between two vertical segments of the potholder, or a positive loop, at a minimum. As examples, see the pair of isotopic arcs labeled by −1 or the pair labeled by +2 in Figure 14 . When applied to a band of k strands, these moves create a negative twist at a maximum point, and a positive twist at a minimum point, . Note that all the twists occur along the vertical bands. We now show how to transfer these twists along the underlying potholder curve, so that they cancel in pairs. Figure 18 shows how one full twist in a vertical band can be moved across one horizontal strand. Using this move and its mirror images along the axes, one can transfer any number of twists across any horizontal strand along the way.
Finally, we note that there are equally many positive and negative full twists to cancel. With the notation of Figures 13-14, observe that taking W i to V i introduces a twist if and only if c i occurs later than c i+1 on H, or equivalently if i is a descent of σ so that σ(i) > σ(i + 1). Since W alternates between the two sides of H, the twist is negative if the descent is odd, and positive if even. But every standard * * * * * * * * * * * * * * * * * * * * * * * * * Figure 18 . Moving a twist in a vertical band of parallel strands across one horizontal strand while constructing a potholder link diagram. This operation can be applied with the initial crossings, those marked by small ⊛'s, given arbitrarily. meander curve has an equal number of descents on each side, as can be verified by induction on J-moves, ∥ ↔ ≬.
We thus obtain a parallel k-component potholder link diagram representing the given link L.
Consequences
The fact that all knots and links have such simple representations as potholder diagrams is likely to find various applications in research. This is demonstrated in the current section.
Closed 1-Pure Braids
We now prove Theorem 1.2, the strong version of Alexander's Theorem, showing that every knot can be represented as the closure of a 1-pure braid.
Proof. Consider the sequence of closed potholder braid curves in Figure 19 . Any knot that is carried by one of these curves is equivalent to the closure of a 1-pure braid, and vice versa. Note that the bottom horizontal arc is introduced in passing from a braid to a closed knot. To put the bottom arc into a standard form, we perform k − 1 Reidemeister II moves, adding two horizontal arcs lying entirely over the vertical arcs they cross. In conclusion, it is sufficient to show that this sequence of curves is universal. Figure 19 . Potholder Braids Let K be an arbitrary knot. By Theorem 1.1, K can be represented by a potholder diagram. We say that an arc is consistent if all its crossings are overcrossings or all its crossings are under-crossings. We first construct a different, possibly larger, potholder diagram for K, in which the 1st, 3rd, 5th, and subsequent odd vertical segments are consistent.
To perform this transformation, we start with the construction of Theorem 1.1. Note that each vertical strand traverses a sequence of over crossings followed by a sequence of under crossings. That is, there is a single change from over to under in each vertical strand. By adding a pair of additional vertical strands where needed, Figure 20 , we can transform the diagram to represent the same knot so that every other vertical strand is consistent.
All these vertical strands start and end next to the outer face of the diagram. Therefore, we can move all odd strands to the right and obtain a closed potholder braid diagram representing K, as in Figure 19 .
Remark. Regular potholders, as in Figure 1 , are already closed braids with another closure convention, sometimes referred to as the plat closure. Thus it follows directly from Theorem 1.1 that also plat closures of 1-pure braids are universal for knots.
Even-Faces Diagrams
Adams, Shinjo and Tanaka study the combinatorial patterns arising from counting the number of sides of the complementary regions of a link diagram [AST11] . They ask if links with n components must have at least n complementary regions with an odd number of sides.
The realization of all links by potholder diagrams, stated in Theorem 1.5, gives a negative answer.
Corollary (1.6). Any n-component link has a diagram with exactly two odd-sided faces. Moreover, each of the two odd-sided faces can be specified to be a 1-gon or a 3-gon.
Proof. Every link has a potholder link diagram, and such diagrams have two oddsided faces which are 1-gons. By a Reidemeister I move, we can eliminate the 1-gon and turn a 4-gon into a 3-gon. All other faces maintain their parity.
We note that Adams, Shinjo and Tanaka show in that paper how to embed an arbitrary link diagram inside a larger diagram whose faces are only 3-gons, 4-gons and 5-gons. By following their construction starting with a potholder diagram, we obtain an explicit universal sequence with the same property.
Zigzag Curves
The fence curve is formed from an array of vertical strands, that go up and down while zigzagging right and left as in Figure 21 . The open curves in this figure and the subsequent ones are assumed to be closed through the outer face. Consider a sequence of such curves, where both the width and the height go to infinity, such as the sequence of n × n fences. We find the following question very intriguing.
Question. Are fence curves universal?
At first glance, fences appear similar to billiard and potholder curves, being composed of a simple periodic pattern that repeats in all cardinal directions. A closer look suggests that fences might be more restrictive. Indeed, all crossings occur between two points at a short distance along the curve.
A more concrete manifestation of this restriction will be given in terms of the following definitions. The Gauss word of a planar curve is obtained by listing the crossings in their order of occurrence along the curve. For example, the word abcdbadc corresponds to the figure-eight diagram in Figure 7 on the left. Of course, this word is defined up to a cyclic ordering or renaming the points. A subword is obtained by omitting some of the crossings.
It is easy to see that a knot diagram whose Gauss word doesn't contain the subword abab must represent the unknot. A diagram that avoids the subword abcacb only yields connected sums of (2, p) torus knots. One can verify that the fence curve never contains abcabc. This property may similarly reflect an obstruction to its universality.
Here is another form of our question. Can all knots be generated as plat closures of braids generated by the squares of the standard generators? This subgroup of braids was considered in [Pri86, Col94] . Their plat closures coincide with knots carried by a fence curve.
We sampled some random knots by picking the over-and under-crossings in the fence curve independently at random. Using the software SnapPy [CDW] , we identified the resulting knot types, see Appendix B. We were able to find quite easily fence representations for every knot with up to 8 crossings. However, eleven 9-crossing knots did not appear as fence diagrams. In Rolfsen's notation, these knots are 9 29 , 9 34 , 9 35 , 9 37 , 9 38 , 9 39 , 9 41 , 9 46 , 9 47 , 9 48 , and 9 49 . All other 9-crossing knots did occur, each appearing at least 500 times. This was based on over 150 million samples, with 50 to 200 crossings. The source code and results are available at [EZ] . As yet we do not have a convincing explanation for this phenomenon. Either, for some reason, these knots occur much less frequently than their 9-crossing counterparts, or they are not realized by fences. In either case it would be interesting to find a knot invariant, or a measure of complexity, that explains the observed difference.
Patterns that are similar to the fence are found in knitted fabrics, fishing nets, and more. See Figure 22 . One can verify that the knitted curve on the left is universal if and only if the fence is. The net curve on the right also avoids some subwords, such as (abcdef g) 2 .
Questions
This study of universal knot diagrams raises many additional questions aside from those mentioned above. Here we focus on two main directions for future research: the attempts to characterize universality, and its trade-off with efficiency.
Efficiency
As we saw in the introduction, the sequence S n of (2n+1)-star diagrams is universal, increasing, and x 2-efficient. We wonder whether a universal increasing sequence of curves can have efficiency asymptotically bigger than √ x. Concretely we ask:
Question 7.1. For how large f ∶ N → R does there exist a universal, increasing, and f (x)-efficient sequence of curves?
Notions of efficiency make sense also for general families of curves. For example, the sequence D n of all knot projections is trivially x-efficient, but is neither universal nor increasing. A crucial difference between these two families is that whereas D n has exponentially many curves of each size, S n has only one. Let us say that a set of curves has a growth function g ∶ N → R, if it has at most g(x) curves with up to x crossings. The above discussion suggests the following question. , that represents all knots? Specifically,
• How small can the growth be, for an Ω(x)-efficient set?
• How high can the efficiency be, if the growth is O(poly(x))?
We stress a major difference between these two problems. Question 7.2 applies to general sets of curves, not necessarily universal or increasing. In Question 7.1 growth is not a consideration, and we require instead that the universal set is increasing, or possibly, even more strongly, that it converges to one infinite curve. The following construction explains why.
Consider all the curves that are obtained as the connected sums of the (2n + 1)-star S n and a knot projection with up to 2n 2 crossings. This family is universal thanks to the large stars, but it is not increasing because of the other summand. It is x 2-efficient, because it contains every knot projection together with a star of comparable size. Clearly, universality and efficiency are combined here in an artificial way, and indeed this family has an exponential growth rate.
The efficiency of universal sequences of curves, and the various relations between them give rise to a notion of complexity classes of curves.
Recall that we write C ≤ C ′ if every knot carried by C is also carried by C ′ . Similarly for two sets of curves, let U ≤ U ′ if every knot carried by some C ∈ U is also carried by some C ′ ∈ U ′ . Many of our arguments in this paper can be described in terms of this relation.
We say that U reduces to U ′ if U ≤ U ′ and this relation holds with polynomial efficiency. Namely, there is a polynomial p(⋅), so that every knot that is carried by some C ∈ U with n crossings is carried by some C ′ ∈ U ′ with at most p(n) crossings. Thus we can talk about complexity classes. For example, stars and billiard curves are in the same complexity class as the set of all curves. The cumulative connected sum has a higher complexity, since its efficiency is Θ(log x). Meanders and potholders are in the same complexity class, but which class this is remains presently unknown.
Characterization
Which sequences of planar curves are universal? We hope to find criteria that are based on simple properties of the curves.
In order to find necessary conditions for universality, one can consider some knot invariants. Let the width of a knot be the minimum, over its 3-space conformations, of its largest number of intersection points with a horizontal plane. Let a height function for a planar curve be any smooth real function on the plane with no critical point on a crossing. Let the width of a planar curve be the minimum, over height functions, of its largest number of intersection points with a level set.
Observe that the width of a knot is at most the width of a curve that carries it. Indeed, given a height function, the curve can be appropriately lifted to realize any choice of crossings. As we show in Appendix A, there are knots of arbitrarily large width. Therefore, Proposition. Every universal sequence of curves has widths that diverge to ∞.
This notion of curves of large width seems related to planar graphs without very small separators in the sense of [LT79] . We presently don't know if any such condition yields universality. The n × n fence curve would be a useful test case.
There are various natural properties of planar curves which suggest themselves as sufficient conditions for universality. In particular one wonders what it is that underlies the universality of concrete sequences such as the potholders. For example, an n × n weave is the union of n horizontal and n vertical strands, such as ≡ ≡ ≡ ≡. In a key step at the proof of Theorem 1.1 we embed a meander knot in a large weave. It is conceivable that this is a special case of a more general phenomenon. Specifically we ask, Question 7.3. Let U be a set of curves. Suppose that for every n ∈ N, all but finitely many curves of U contain an n × n weave by some restriction to a disk. Is U necessarily universal?
A positive answer would imply at once the universality of potholders, stars, billiard curves, and more. Still, it is not hard to see that containing a weave is not a necessary condition for universality.
Here is another potential extension of Theorem 1.1. Recall the definition of Gauss words from Section 6. Call a word bipartite if every letter appears once in its first half and once in its second half. Note that a curve is a meander if and only if it has a bipartite Gauss word. Hence every knot has a diagram that avoids non-bipartite subwords.
One way to think of our proof is as embedding bipartite words as subwords in large enough potholders. This view suggests the following question.
Question 7.4. Let U be a set of curves. Suppose that every bipartite word is a subword of all but finitely many of the curves. Is U necessarily universal?
As far as we know, this condition may also be necessary for universality. To show this direction one could construct knots, all of whose diagrams must contain a given bipartite word. The question whether that is impossible seems very interesting on its own. Is there a bipartite subword that can be avoided by a suitable diagram of every knot? Appendix A. Large Width Proposition. The width of the (p, q) torus knot is 2 min(p, q).
Proof. The standard realization of the (p, q) torus knot on a torus of revolution has p minima and p maxima in the direction of the axis of revolution. Hence it intersects any plane perpendicular to the axis in at most 2p points. Similarly the width is at most 2q. We show that this is tight.
Consider any smooth curve in R 3 that realizes the (p, q) torus knot. The curve lies on an embedded torus T . After a slight perturbation, the height function on T can be taken to be a Morse function. Intersect T with a fixed collection H of horizontal planes, one between each pair of critical levels. These planes split T into finitely many pieces that are glued along simple closed curves. Each piece is homeomorphic to a sphere with 1, 2, or 3 disks removed.
Suppose that an innermost curve on one of these planes bounds a disk E in T . Then we eliminate this curve by an isotopy of T in S 3 , which fixes T away from a small neighborhood of E, and isotops E to lie on one side of the plane. This is possible since the two disks form a 2-sphere which bounds a ball on each side, one of which is disjoint from the rest of T . This move eliminates at least one piece of T in the complement of the planes H, and fills in a disk in the boundary of another piece. It preserves the property that each piece is a sphere with up to three disks removed.
These isotopies of T in S 3 cannot make it disjoint from all planes in H, as the pieces of T in the complement of H always have genus zero, while T is a torus. Hence at some point we have a closed curve in T ∩ H that does bound a disk in the complement of T , but doesn't bound a disk in T . Such a closed curve is necessarily homotopic to either the meridian or the longitude of the torus.
In conclusion, the given knotted curve lies on an embedded torus, that contains either a meridian or a longitude at a constant height. The knot intersects this meridian or longitude transversely at least p or q times, with the same orientation. Somewhere on that plane, we must have as many intersection points with the opposite orientation. Together there are at least 2 min(p, q) intersections at that height.
Remark. An unbounded width for torus knots also follows from the work of Kuiper [Kui87] . He studied a similar knot invariant d(K) where one considers the largest number of intersections with any transversal plane, rather than only horizontal ones. Ozawa [Oza10] studied these invariants and named them "trunk" and "super-trunk". His results together with the bridge numbers of torus knots also imply the above proposition.
